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data on pairwise comparisons between items (e.g., teams) 

Data Differen-al Matrices 

Data: 
•  points 
•  rebounds 
•  fge 
•  turnovers 

Points Examples: 
•  dij = 10 and dji = 0 , if I beats j by 10 
•   dij = 10 and dji = ‐10 , if I beats j by 10 

For mul-ple games between teams, take average or cumula-ve 
differen-als. 



Hillside Form 

Perfect Hillside Form: 
•  each row is an increasing sequence 
•  each column is an decreasing sequence 
•  (op-onal) zeros on lower triangular 



Hillside Form 

Mathema-cally, Pmxn is in perfect hillside form if: 

Example of perfect hillside form 

Perfect Hillside Form: 
•  each row is an increasing sequence 
•  each column is an decreasing sequence 
•  (op-onal) zeros on lower triangular 



Hillside Form and Ranking 

In a perfect season, the 1st place team beats the 2nd place team by 
a li]le, the 3rd place team by a li]le more, and so on. 



Hillside Form and Ranking 

In a perfect season, the 1st place team beats the 2nd place team by 
a li]le, the 3rd place team by a li]le more, and so on. 

GOAL: symmetrically reorder rows and columns of data matrix to 
bring it as close to hillside form as possible.  

Reordering that does this = ranking vector 



Hillside Form and Ranking 

Original ordering   a_er Reordering 

 2009 SoCon BB teams 



Viola-ons to Hillside Form 
 for a reordering (aka, ranking vector), count the number of viola-ons to hillside form 



Viola-ons to Hillside Form 

Original ordering   a_er Reordering 

 for a reordering (aka, ranking vector), count the number of viola-ons to hillside form 

# viola-ons = 1329  # viola-ons = 351 



Hillside Form and Ranking 

In a perfect season, the 1st place team beats the 2nd place team by 
a li]le, the 3rd place team by a li]le more, and so on. 

GOAL: symmetrically reorder rows and columns of data matrix to 
bring it as close to hillside form as possible.  

Reordering that does this = ranking vector 

Op-miza-on! 



Solving the Op-miza-on Problem 

1.  EO (evolu-onary op-miza-on) 

2.  BILP (binary integer linear program) 

3.  LP (linear program) 



Evolu-onary Op-miza-on  

Of all n! permuta-on vectors, find the one that 
minimizes the number of hillside viola-ons. 



Evolu-onary Op-miza-on  

Of all n! permuta-on vectors, find the one that 
minimizes the number of hillside viola-ons. 

Every ranking vector is a 
permuta-on vector. 





Evolu-onary Op-miza-on  

1.  Simple structure, easy to code.  

2.  Can handle large datasets. 
3.  With enough randomiza-on and -me, will 

reach global solu-on. 

4.  Early termina-on gives meaningful answer. 

1.  Can get stuck in local solu-on for a while.  
2.  Can take a long -me to converge. 

3.  Due to randomiza-on, different runs 
produce different solu-ons. 

Pros: 

Cons: 



Solving the Op-miza-on Problem 

1.  EO (evolu-onary op-miza-on) 

2.  BILP (binary integer linear program) 

3.  LP (linear program) 



BILP 

Finds global minimum, solves MVR problem op-mally. 



BILP 

Finds global minimum, solves MVR problem op-mally. 

Feb. 2009 trip to University of Tsukuba 



BILP 

Finds global minimum, solves MVR problem op-mally. 

Yoshi’s Rank Aggregation BILP 

maximizes agreement among k input ranked lists 
Cij = # of input lists having i above j 



BILP 

Finds global minimum, solves MVR problem op-mally. 

Yoshi’s Rank Aggregation BILP 

maximizes agreement among k input ranked lists 
Cij = # of input lists having i above j 

Related to the linear 
ordering (LOR) problem 
and minimum feedback 
arc problem; Reinelt et al.  



MVR and Rank Aggrega-on 

Every team ranks its opponents with its point differen-als, 
from both an offensive and a defensive viewpoint. 

Definition of C matrix  

max agreement = min disagreement = min  # viola-ons 



BILP: calcula-ng C 

Every team ranks its opponents with its point differen-als, 
from both an offensive and a defensive viewpoint. 

          C12   =    (# of entries in col. 2 less than col. 1) 
                    + (# of entries in row 1 less than row 2) 

=  4  =  8   4 

Point Differen-al Matrix  C Matrix 

+ 



BILP: mul-ple op-mal solu-ons  

1.  Cij = Cji  
2.  Teams i and j are neighbors in ranked list. 

Systema-cally descend down the ranked list 
searching for sets of teams sa-sfying criteria. 

Criteria for finding some m.o.s.: 

Test: 



BILP: mul-ple op-mal solu-ons  
2009 SoCon Example 

2 two‐way -es 



BILP  

1.  Op-mal solu-on!  

2.  Can find some mul-ple op-mal solu-ons. 

3.  Fast, with good ini-al feasible solu-on and 
bounds. 

1.  O(N3) transi-vity constraints limit run-me 
and problem size.  

Pros: 

Cons: 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Constraint relaxa-on is 
huge help here. 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Constraint relaxa-on 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huge help here. 



Solving the Op-miza-on Problem 

1.  EO (evolu-onary op-miza-on) 

2.  BILP (binary integer linear program) 

3.  LP (linear program) 



LP 

Rank Aggregation/MVR  LP 



LP: mul-ple op-mal solu-ons  
2009 SoCon Example X matrix 

2 two‐way -es 

Frac-onal Loca-ons:  
 (3,4) and (4,3) 

(1,11) and (11,1) 



LP: mul-ple op-mal solu-ons  
2009 SoCon Example 

2 two‐way -es 



LP: mul-ple op-mal solu-ons  

1.  Loca-ons of frac-onal values give informa-on on 
mul-ple op-mal solu-ons. 

2.  Objec-ve values for BILP and LP are equal. 
3.  If LP solu-on is binary, MVR solu-on is unique. 

Theorem:      If frac-onal pairs in LP solu-on are isolated, then 



LP: sensi-vity analysis  

Range on Cij values 

Tight bounds: 
1 and 9 
2 and 9  
9 and 12 



LP: sensi-vity analysis  

Range on Cij values 

Tight bounds: 
1 and 9 
2 and 9  
9 and 12 



LP  

1.  Nearly always finds op-mal solu-on. 
Otherwise, finds excellent near‐op-mal soln. 

2.  Easy iden-fica-on of mul-ple op-mal solns. 

3.  Fast, with good ini-al feasible solu-on and 
bounds. 

4.  Sensi-vity analysis gives confidence measures. 

1.  O(N3) transi-vity constraints limit run-me 
and problem size.  

Pros: 

Cons: 



Applica-ons  

1.  March Madness 

2.  Go 
3.  Sumo wrestling 

Sports 

Recommenda-on systems 
1.  Neklix 
2.  Amazon 

Webpages 

1.  Meta‐search 

2.  Google, Yahoo, Ask 



Applica-ons: March Madness  



Applica-ons: March Madness  

< .05% of 4.1 million 
transi-vity constraints 



Applica-ons: March Madness  

Algorithm
 ESPN Score


Colley Bi-weekly step
 1420


BILP C- Half Count
 1360


BILP W- Half Count
 1360


BILP C- Count
 1350


BILP C- Weight
 1350


President Obama
 1230




Future Work 

Duality from LP 

Much more sensi-vity analysis 

Conclusions 

Gains made by considering 3 different op-miza-on viewpoints 

LOR vs. TSP 

Ranking and RankAgg with -es and sensi-vity measures 


